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The linear thermoelectric properties of molecular junctions are theoretically studied close to room
temperature within a model including electron-electron and electron-vibration interactions on the
molecule. A nonequilibrium adiabatic approach is generalized to include large Coulomb repulsion
through a self-consistent procedure and applied to the investigation of large molecules, such as
fullerenes, within the Coulomb blockade regime. The focus is on the phonon thermal conductance
which is quite sensitive to the effects of strong electron-electron interactions within the intermediate
electron-vibration coupling regime. The electron-vibration interaction enhances the phonon and
electron thermal conductance, and it reduces the charge conductance and the thermopower inducing
a decrease of the thermoelectric figure of merit. For realistic values of junction parameters, the peak
values of the thermoelectric figure of merit are still of the order of unity since the phonon thermal
conductance can be even smaller than the electron counterpart.
I. INTRODUCTION
The direct conversion of temperature differences to
electric voltage and vice versa take place in solid state
systems. These thermoelectric effects can be strong
enough in some semiconducting materials to allow ei-
ther the fabrication of devices converting wasted heat
into electrical energy or the realization of solid-state
coolers1,2. A fundamental parameter to quantify the en-
ergy conversion efficiency is the dimensionless figure of
merit ZT = GS2T/GK , where G is the electrical conduc-
tance, S the thermopower, T the absolute temperature,
and GK = G
el
K + G
ph
K is the total thermal conductance,
with GelK and G
ph
K electron and phonon thermal conduc-
tance, respectively. Indeed, in order to improve the effi-
ciency, mutually contrasting transport properties of the
same material have to be optimized. For instance, in
metals, ZT is typically limited by the Wiedemann-Franz
law3. Large effort is currently made in material science
to get bulk values of ZT larger than 1 and to use solid
state systems for actual thermoelectric devices1,4,5.
Recently, the possibility of controlling materials at the
nanoscale has been exploited to optimize the thermoelec-
tric efficiency.4,6,7 For example, a maximum ZT ≃ 2.4
has been observed at room temperature in a thin-film
thermoelectric device8. High values of ZT have been
reported in quantum dot superlattices9 and in semicon-
ductor nanowires10, where phonon confinement can lead
to a lower phonon thermal conductance11,12. Actually,
a significant reduction in lattice thermal conductivity is
considered as the main route for having high ZT in low-
dimensional materials13. The improvement of thermo-
electric efficiency can also derive from the discreteness of
energy levels in nanostructures resulting into a violation
of the Wiedemann-Franz law14. Finally, in nanoscopic
Coulomb-coupled systems, the thermoelectric properties
can be optimized by exploiting the Coulomb blockade
regime and changing the gate voltage7.
Molecular devices can be efficient for conversion of heat
into electric energy since both phonon and electron prop-
erties can contribute to increase the thermoelectric figure
of merit ZT 15,16. Indeed, the emerging field of molecu-
lar thermoelectrics has attracted a lot of attention in re-
cent years17–23. The thermoelectric properties of molec-
ular junctions are also interesting in that they can pro-
vide useful informations on charge and energy transport
otherwise difficult to obtain, such as the type of carri-
ers (electros/holes) dominating the transport17,18,24–26.
Measurements of thermoelectric properties have been
performed in junctions with fullerene (C60)
18 finding a
high value of the molecular thermopower (S of the or-
der of −30 µV /K). In these experiments, three different
metallic electrodes (platinum, gold, and silver) have been
considered achieving a more controllable alignment be-
tween Fermi level and molecular orbitals (whose energy
separation is still of the order of 0.5 eV). However, the ap-
plication of a gate voltage remains elusive in these kinds
of measurements. Moreover, heat transport in molecular
devices remain poorly characterized due to experimental
challenges16,27–29 or limited to a range where transport
is elastic30 .
In molecular junctions, intramolecular electron-
electron and electron-vibration interactions typically
constitute the largest energy scales affecting the thermo-
electric properties.25,31,32 Moreover, the center of mass
oscillation of the molecule33, or thermally induced acous-
tic phonons34 can be an additional source of coupling
between electronic and vibrational degrees of freedom.
The effects of intramolecular interactions on the trans-
port properties have been studied in the regime of linear
response and fully out-of-equilibrium by different theo-
retical tools25,32. The thermopower S and the thermo-
electric figure of merit ZT have been found to be sensitive
to the strength of intramolecular interactions21–23,35–41.
However, the phonon thermal contribution GphK to the
2figure of merit ZT has been calculated only at a pertur-
bative level of the electron-vibration coupling42.
In devices with large molecules or carbon nanotube
quantum dots43, a nonequilibrium adiabatic approach
has been introduced for spinless electrons exploiting
the low energy of the relevant vibrational degrees of
freedom44–48. This method is semiclassical for the vi-
brational dynamics, but it is valid for arbitrary strength
of electron-vibration coupling. Within this approach, we
have recently implemented a self-consistent calculation
for electron and phonon thermal conductance focusing
on the effects of the electron-vibration coupling49.
In this paper, we have studied the thermoelectric prop-
erties of a molecular junction with electron-electron and
electron-vibration interactions within the linear response
regime focusing on a self-consistent calculation of the
phonon thermal conductance GphK close to room tempera-
ture. The nonequilibrium adiabatic approach is general-
ized to treat finite strong Coulomb interactions within a
junction model which takes into account the interplay be-
tween the low frequency center of mass oscillation of the
molecule and the electronic degrees of freedom within the
Coulomb blockade regime. Parameters appropriate for
junctions with C60 molecules are considered. We have
found that, within the intermediate electron-vibration
coupling regime, the effects of electron-electron interac-
tions can enhance GphK , which, as a function of the gate
voltage, acquires a behavior similar to that of electron
thermal conductance. The electron-vibration interaction
induces an increase of the phonon and electron ther-
mal conductance, and, at the same time, a decrease of
both the charge conductance and the thermopower. The
overall effect is a reduction of the thermoelectric figure
of merit. Interestingly, for realistic parameters of the
model, the peak values of ZT are still of the order of
unity. This effect is ascribed to the magnitude of the
phonon thermal conductance which can be smaller than
the electronic counterpart in a large range of gate volt-
ages.
The paper is organized as follows. In Sec. II, the
model of molecular junction is proposed. In Sec. III, the
adiabatic approach generalized for strong local Coulomb
interactions is explained. In Sec. IV, the results within
the adiabatic approach are discussed. The paper is closed
by Appendix A, where the comparison between different
treatments of the large Coulomb repulsion is made within
the Coulomb blockade regime.
II. MOLECULAR JUNCTION MODEL
In this paper, we analyze the Anderson-Holstein
model, which is a reference model for molecular
junctions.25,50 The molecule is modeled as a single elec-
tronic level locally interacting with a single vibrational
mode. In junctions with C60 molecules, attention can be
focused on a molecular electronic orbital which is suffi-
ciently separated in energy from other orbitals.49,51–53 In
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FIG. 1. (Color online) Sketch of the molecular junction stud-
ied in this work. The straight lines between dots (lead atoms)
depict charge electron hoppings in the lead bulks (t′) and
between lead and molecule (t). The broken lines between
dots (lead atoms) depict springs in the lead bulks (with elas-
tic constant k′) and between lead and molecule (with elas-
tic constant k). The Hot Left Lead and the Cold Right
Lead are kept at chemical potential µL = eV/2, tempera-
ture TL = T + ∆T/2 and chemical potential µR = −eV/2,
temperature TR = T −∆T/2, respectively, with e modulus of
the electron charge, V bias potential, µ = 0 average chemical
potential, T average temperature. The term U indicates the
presence of electron-electron interactions, while the term EP
electron-vibration interactions on the molecule.
this paper, we will consider model parameters appropri-
ate to C60 molecular junctions.
The Hamiltonian Hˆ is given by
Hˆ = Hˆel + Hˆph + Hˆint, (1)
where the Hamiltonian Hˆel takes into account the elec-
tronic degrees of freedom of the leads and the molecule,
Hˆph the vibrational degrees of freedom of the leads and
the molecule, and Hˆint the coupling between electronic
and vibrational degrees of freedom (see Fig. 1 for a sketch
of the molecular junction model).
The electronic Hamiltonian Hˆel of Eq. (1) is
Hˆel = ǫ
∑
σ
nˆσ + Unˆ↑nˆ↓ +
∑
q,α,σ
εq,αnˆq,α,σ +
∑
q,α,σ
(
Vq,αcˆ
†
q,α,σdˆσ + h.c.
)
, (2)
where the molecular electronic level has energy ǫ, the σ
spin electron density operator is nˆσ = dˆ
†
σdˆσ, with dˆ
†
σ(dˆσ)
creation (annihilation) σ spin electron operator on the
molecule. The presence of a gate in the junction can
be simply simulated by changing the value of the local
energy ǫ.25 The Coulomb repulsion on the molecule is
simulated with a Hubbard term U , which gives an energy
penalty for electron occupations with spin ↑ and ↓.25 The
lead density operator is nˆq,α,σ = cˆ
†
q,α,σ cˆq,α,σ, where the
operators cˆ†q,α,σ(cˆq,α,σ) create (annihilate) electrons with
momentum q, spin σ, and energy εq,α = ξq,α − µα in the
left (α = L) or right (α = R) free metallic leads, with
µα chemical potential of the lead α in equilibrium at the
temperature Tα. We consider the temperatures TL = T+
3∆T/2 and TR = T −∆T/2, with T average temperature.
Moreover, we fix the chemical potentials µL = eV/2 and
µR = −eV/2, with e modulus of the electron charge,
V bias potential, and average chemical potential µ = 0.
The electronic tunneling between the molecular dot and a
state q in the lead α has the amplitude Vq,α. As usual for
metallic leads, the density of states ρq,α is assumed flat
around the small energy range relevant for the molecular
orbital, making valid the wide-band limit: ρq,α 7→ ρα,
Vq,α 7→ Vα. Therefore, the full hybridization width of
the molecular orbital is ~Γ =
∑
α ~Γα, with ~ Planck
constant and the tunneling rate Γα = 2πρα|Vα|
2/~. In
the following, we consider the symmetric configuration:
ΓL = ΓR = Γ/2. In junctions with C60 molecules, ~Γ has
been estimated to be of the order of 20 meV.52,53 Even if
the local Coulomb repulsion is reduced by the screening
of the electrodes, the energy U is expected to be at least
one order of magnitude larger than ~Γ.52,53
The center of mass mode can be considered as the
relevant vibrational mode of the molecule.49 Indeed, ex-
periments have evidenced a coupling between the center
of mass mode and the electron dynamics in junctions
with C60 molecules.
33 In Eq.(1), the Hamiltonian Hˆph
describes the vibrations of the slow center of mass mode,
the free phonon modes of the leads, and the coupling
between them:
Hˆph = Hˆcm+
∑
q,α
~ωq,αaˆ
†
q,αaˆq,α +
∑
q,α
(Cq,αaˆq,α + h.c.) xˆ.
(3)
The center of mass hamiltonian Hˆcm is
Hˆcm =
pˆ2
2M
+
kxˆ2
2
, (4)
where pˆ and xˆ are the center of mass momentum and
position operators, respectively, M is the total large
mass, k is the effective spring constant, with frequency
ω0 =
√
k/M . In Eq.(3), the operators aˆ†q,α(aˆq,α) create
(annihilate) phonons with momentum q and frequency
ωq,α in the lead α. The left and right phonon leads will
be considered as thermostats in equilibrium at the same
temperatures TL and TR, respectively, of the electron
leads. Finally, in Eq.(3), the coupling between the cen-
ter of mass position and a phonon q in the lead α is
given by the elastic constant Cq,α. For large molecules,
the center of mass mode has a low frequency ω0 which
is typically smaller than the Debye frequency ωD of the
metallic leads (~ωD ≃ 15 − 20 meV for metals like sil-
ver, gold, and platinum3). For example, ~ω0 ≃ 5 meV in
C60 junctions
33, hence ω0 ≃ 0.25Γ. Therefore, for large
molecules, the adiabatic regime is valid for the center of
mass oscillator: ω0 << Γ and ω0 << ωD. Within this
regime, the effect of the α phonon lead on the center
of mass mode provides a constant damping rate γα.
54
In analogy with the electronic model, we consider the
symmetric configuration: γL = γR = γ/2. For junc-
tions with C60 molecules and leads of Ag, Au, and Pt,
~γ ≃ 3 − 8 meV, therefore γ is of the same order of ω0
(γ ≃ 0.15− 0.40Γ)49.
Finally, the interaction term Hˆint in the Anderson-
Holstein model of Eq.(1) is provided by a linear coupling
between the total electron density on the molecule, nˆ =∑
σ nˆσ, and the xˆ operator of the center of mass:
Hˆint = λxˆnˆ, (5)
where λ is the electron-vibration coupling constant. In
the following, the electron-vibration interaction will be
described in terms of the coupling energy EP = λ
2/(2k).
In this paper, ~Γ ≃ 20 meV will be the energy unit (Γ
the frequency unit, 1/Γ the time unit). We will measure
lengths in units of 2λ/k, and temperatures in units of
~Γ/kB, with kB Boltzmann constant (the room temper-
ature is of the order of 1.25 in these units).
III. ADIABATIC APPROACH WITHIN THE
COULOMB BLOCKADE REGIME
The focus of this paper is on charge and heat trans-
port properties close to room temperature, therefore for
parameters appropriate to the Coulomb blockade regime:
~ω0 ≪ ~ωD ≃ ~Γ ≤ kBT ≪ U , with U > 10~Γ. Besides,
the electron-vibration coupling is not weak, but it is esti-
mated to be in the intermediate regime: ~ω0 ≤ EP ≃ ~Γ.
Since ~ω0 is the lowest energy scale, the dynamics of the
slow center of mass can be treated as classical. In the
following, the position and the momentum of the oscilla-
tor will be indicated by the c-numbers x and p, respec-
tively. The parameter regime appropriate to these junc-
tions requires a generalization of the adiabatic approach
to the physical situation where the Coulomb interaction
is finite and large. Recently, the adiabatic approach
has been combined with a treatment of electron-electron
interactions within a slave-boson approach55 which is
valid only in the limit of infinite local Coulomb repul-
sion for energies close to the chemical potential and low
temperatures56.
A. Electron dynamics dependent on oscillator
parameters
The electronic dynamics turns out to be equivalent to
that of an adiabatically slow level with energy E0(t) =
ǫ+ λx(t) within the Coulomb blockade regime.57,58
At the zero order of the adiabatic expansion, the elec-
tronic quantities can be calculated considering an energy
level with a fixed oscillator position x. The effects of the
strong Coulomb repulsion are treated inserting the first
self-energy correction upon the atomic limit.50 Therefore,
for the paramagnetic solution, the level spectral function
A0(ω, x) at zero order of the adiabatic expansion becomes
A0(ω, x) = [1− ρ(x)]
~Γ
(~ω − ǫ− λx)2 + (~Γ)2/4
+
ρ(x)
~Γ
(~ω − ǫ− λx− U)2 + (~Γ)2/4
, (6)
4where ρ(x) is the level density per spin self-consistently
calculated at fixed position x through the following inte-
gral
ρ(x) =
∫ +∞
−∞
d(~ω)
2πi
G<0 (ω, x), (7)
with the lesser Green function G<0 (ω, x)
G<0 (ω, x) =
i
2
[fL(ω) + fR(ω)]A0(ω, x), (8)
and fα(~ω) = 1/(exp [βα(~ω − µα)] + 1) Fermi distribu-
tion of the lead α (βα = 1/kBTα). Actually, the spec-
tral function is characterized by a double peak structure
that, for large U , is robust against the effects of electron-
vibration coupling which tend to shift and enlarge the
single peaks (the single peak width increases by a factor
of the order of EP ).
In Appendix A, we compare the spectral function of
this treatment for strong Coulomb repulsion with that
of another approach which retains additional self-energy
corrections upon the atomic limit in the absence of
electron-vibration coupling.50 For large U and room tem-
perature, the approach considered here is very accurate,
therefore, it represents an optimal starting point for the
adiabatic expansion. In this paper, we will study dif-
ferent properties varying the electronic level occupation.
In our model, these variations can be controlled chang-
ing the molecule level energy ǫ with respect to the leads
chemical potential (average chemical potential µ = 0 in
this work). In Appendix A, we report the molecular elec-
tron occupation N as a function of level energy ǫ showing
the typical profiles of the Coulomb blockade. In particu-
lar, the following energies are relevant: ǫ = −U/2 (close
to half-filling N = 1), ǫ = −U (transition from level oc-
cupation N = 1 to N = 2), ǫ = 0 (from level occupation
N = 1 to N = 0).
Within the adiabatic approach, one can determine the
electronic Green functions and generic electronic quan-
tities making an expansion on the small oscillator ve-
locity v = p/m. In the absence of electron-electron in-
teractions, the adiabatic expansion can be determined
for any strength of electron-vibration coupling.47,48,59–61
In this paper, an approach is devised for the case of
strong Coulomb repulsion in order to include the effects
of electron-vibration interaction within the realistic in-
termediate coupling regime. Actually, the approach used
in this paper is valid as long as the two peaks character-
istic of Coulomb blockade can be resolved, therefore for
the physical regime EP ≪ U . In the next subsection, we
will use the adiabatic expansion of the level occupation
to derive the motion equation of the slow center of mass
oscillator in a self-consistent way.
B. Dynamics of the center of mass oscillator
The effect of the molecule electron degrees of freedom
and of the phonon baths in the leads gives rise to the fol-
lowing generalized Langevin equation for the slow center
of mass
m
dv
dt
= Fdet(x, v) + ξ(x, t), (9)
which has the deterministic force Fdet(x, v) and the po-
sition dependent fluctuating force ξ(x, t). The determin-
istic force
Fdet(x, v) = Fgen(x) −Aeff (x)v, (10)
can be decomposed into a generalized force Fgen(x)
Fgen(x) = −kx+ Fλ(x), (11)
with Fλ(x) = −2λρ(x) induced by the electron-vibration
coupling, and, as a result of the adiabatic expansion, a
dissipative force with an effective position dependent pos-
itive definite term Aeff (x)
Aeff (x) = Aλ(x) +mγ, (12)
with Aλ(x)
Aλ(x) = 2~λ
2
∫ +∞
−∞
d(~ω)
2πi
G<0 (ω, x)
[
∂A0(ω, x)
∂(~ω)
]
(13)
due to the electron-vibration interaction. The fluctuating
force ξ(x, t) in Eq.(9) is such that
〈ξ(x, t)〉 = 0, 〈ξ(x, t)ξ(x, t′)〉 = Deff (x)δ(t− t
′),
where the effective position dependent noise term
Deff (x) is
Deff (x) = Dλ(x) + kB(TL + TR)mγ, (14)
with Dλ(x)
Dλ(x) = 2~λ
2
∫ +∞
−∞
d(~ω)
2πi
G<0 (ω, x)G
>
0 (ω, x) (15)
determined by the electron-vibration coupling and the
greater Green function G>0 (ω, x)
G>0 (ω, x) = −
i
2
[2− fL(ω)− fR(ω)]A0(ω, x). (16)
It is worthwhile pointing out that, in equilibrium con-
ditions at temperature T = Tα and chemical poten-
tial µ = µα = 0, the adiabatic procedure gives rise to
a generalized fluctuation-dissipation relation Deff (x) =
2kBTAeff(x) valid for each fixed position x.
The solution of the Langevin equation (9) represents a
central step for this work. This equation has been numer-
ically solved under generic non-equilibrium conditions us-
ing a generalized Runge-Kutta algorithm.47,62,63 As a re-
sult of the numerical calculations, the oscillator distribu-
tion function Q(x, v) and the reduced position distribu-
tion function P (x) are determined allowing to evaluate
static quantities relative to the center of mass oscillator.
5-10 0 10
x
0
0.01
0.02
γ  
λ
-2 0 2
x
0
0.2
0.4
P
ε=−20
ε=−10
ε=0
U=20, EP =1, T=1.25
FIG. 2. (Color online) Electron-vibration induced damping
rate γλ in units of Γ (Upper Panel) and reduced position
distribution function P in units of k/2λ (Lower Panel) as a
function of oscillator position x (in units of 2λ/k) for different
values of level energy ǫ (in units of ~Γ). In all the plots,
U = 20~Γ, EP = ~Γ, and temperature T = 1.25~Γ/kB (close
to room temperature).
Moreover, these distribution functions will allow to make
the average of an electronic observable O(x, v) dependent
on oscillator parameters.
Before going to the section about results, we discuss
the features of the electron-vibration induced damping
rate γλ(x) = Aλ(x)/m, with Aλ(x) given in Eq.(13).
The magnitude of γλ(x) always gets enhanced with in-
creasing the electron-vibration coupling EP . However, as
reported in the upper panel of Fig. 2, even for the inter-
mediate coupling EP = 1, the peak values of γλ(x) are
always smaller than realistic values of the lead induced
damping rate γ (γ = 0.15 will be considered in this pa-
per). This implies that the effects due to the electron-
vibration coupling on the oscillator dynamics do not typ-
ically represent a large perturbation with respect to those
induced by the coupling to phonon leads. Obviously, as
reported in the figure, the behavior of γλ(x) strongly de-
pends on the occupation of the electronic level. We point
out that, in contrast to the spinless case analyzed in a re-
cent paper,49 γλ(x) shows a double-peak behavior due to
the effect of the strong Hubbard interaction. Moreover,
as reported in the upper panel of Fig. 2, the peaks of
γλ(x) largely shift passing from the quasi half-filling case
(close to ǫ = −10 = −U/2, state with flat occupation)
to conditions out of half-filling (close to ǫ = −20 = −U
and ǫ = 0 = µ, state with strong density fluctuations).
The self-consistent calculation of γλ(x) provides a direct
signature of the strong local interaction since it is deter-
mined by the adiabatic expansion of the electron occu-
pation.
A comparison of the x dependence between γλ(x) and
the calculated oscillator position distribution P (x) will
clarify the conditions under which the electron-vibration
interaction can affect the dynamics of the center of mass
oscillator. Therefore, in the lower panel of Fig. 2, we re-
port the distribution P (x) with varying the level energy
ǫ. We notice that, apart from the shift of the peaks, close
to room temperature, the distribution P (x) is practically
the Gaussian of the free harmonic oscillator at tempera-
ture T for any value of the level energy ǫ. In the quasi
half-filled case (ǫ = −10), the peak positions of γλ(x) and
P (x) are well separated. Therefore, one expects that, in
this regime, the effects of the electron-vibration coupling
on the oscillator dynamics are weak. We stress that,
within the self-consistent procedure used in this work,
the peak of the P (x) directly signs the level occupation
being close to −N/2 within the units used in this pa-
per. Actually, for ǫ = −10, the value close to −0.5 of the
peak of P (x) is fully compatible with the half-filled case
N = 1. On the other hand, for ǫ = −20, the peak po-
sition of P (x) shifts towards lower values close to −0.75
(N ≃ 1.5), and, for ǫ = 0, to 0.25 (N ≃ 0.5). We point
out that, for ǫ = −20, the first peak of γλ(x) is close to
x = 0, while, for ǫ = 0, the second peak of γλ(x) strongly
overlaps with the position distribution P (x). Therefore,
out of half-filling, the effects of the electron-vibration
coupling can affect the oscillator dynamics. In contrast
with the spinless case,49 these effects are present not only
close to ǫ = µ = 0, but also to ǫ = −U = −20, as a re-
sult of the strong Coulomb interaction. Therefore, as dis-
cussed in detail in the next section, the complex interplay
between electron-electron and electron-vibration interac-
tions opens an entire energy region where the phonon
heat transport can be enhanced.
IV. RESULTS
In this paper, we will discuss linear response trans-
port properties trying to clarify the role of the electron-
electron and electron-vibration interactions. In the next
subsections, we will analyze the phonon heat transport,
the electronic spectral function, the charge and electronic
heat transport, and thermoelectric figure of merit. In the
following, we will assume ω0 = 0.25Γ, and γ = 0.15Γ
(larger values of γ have been considered in a recent
paper49).
A. Phonon heat transport
In this subsection, we will focus on the phonon thermal
conductance GphK calculated within the linear response
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FIG. 3. (Color online) Phonon thermal conductance GphK (in
units of kBΓ) as a function of the level energy ǫ (in units of
~Γ) for different values of electron-vibration coupling EP (in
units of ~Γ). In the plot, U = 20~Γ, T = 1.25~Γ kB (close to
room temperature), ω0 = 0.25Γ, and oscillator damping rate
γ = 0.15Γ.
regime around temperature T as
GphK = lim
∆T→0+
(JphL − J
ph
R )
2∆T
, (17)
with Jphα current from the α phonon lead.
49,64
The conductance GphK is expected to be mostly sensi-
tive to the coupling of the center of mass mode to the
phonons of metallic leads through the damping rate γ
(γ = 0.15Γ in this work) which is typically larger than the
peak values of electron-vibration induced damping rate
γλ(x). As shown in Fig.3, in the regime of weak electron-
vibration coupling EP , low level occupation (ǫ ≫ 0),
and double level occupation (ǫ ≪ −U), GphK is close
to 0.04 kBΓ (kBΓ is about 419.8 pW/K for ~Γ ≃ 20
meV), a numerical value coincident with an analytical es-
timate of GphK given in a recent paper
49. This asymptotic
value corresponds to the contribution given by the only
phonon leads neglecting the effects of electron-electron
and electron-vibration interactions on the molecule.
In Fig. 3, we show that GphK always gets larger with
increasing the electron-vibration coupling EP . Moreover,
this increase of GphK strongly depends on the value of level
energy ǫ. In contrast with the spinless case (reported for
comparison in Fig. 3 at EP = 1), we stress that the en-
hancement of GphK takes place not only close to ǫ ≃ 0,
but also to ǫ ≃ −U . Therefore, the distance between the
peaks of the phonon thermal conductance is controlled
by the energy scale U . The peak values are almost coin-
cident (although slightly smaller than the peak value of
the spinless case), and, at EP = 1, they are of the order of
0.05kBΓ ≃ 20 pW/K. Therefore, the calculated G
ph
K is in
very good agreement with the thermal conductance of the
order of a few 10 pW/K measured for molecules anchored
to gold28,29. In any case, due to the strong electron-
electron interactions, GphK can be enhanced in a new large
energy region. On the other hand, for ǫ ≃ −U/2, GphK is
poorly influenced by the electron-vibration effects even
if EP is not small getting a value close to the asymp-
totic one. From this analysis emerges that the complex
enhancement of the phonon thermal conductance GphK as
a function of the electron-electron and electron-vibration
interactions can be mostly ascribed to the properties of
additional electron-vibration induced damping rate γλ(x)
discussed in the previous section.
B. Electronic spectral function
From the solution of the Langevin equation, one can
make the average of an electronic observable O(x, v) over
the oscillator distribution function. First, we discuss the
features of the electronic spectral function which is at
the basis of the thermoelectric properties analyzed in the
next subsection.
The electronic spectral function A(ω) is evaluated
making the average of the function A0(ω, x) in Eq.(6)
over P (x):
A(ω) =
∫ +∞
−∞
dxP (x)A0(ω, x). (18)
In this section, the spectral function will be discussed
in equilibrium conditions at temperature T (V = 0 and
∆T = 0). We recall that, in Appendix A, the features
of the spectral function are discussed in the absence of
electron-vibration coupling. Actually, the spectral func-
tion is characterized by a structure with two peaks sep-
arated by an energy of the order of U , and it is strongly
dependent on the value of the level energy ǫ.
In this subsection, we analyze the behavior of the spec-
tral function with varying the electron-vibration coupling
EP at a fixed value of Hubbard energy U . In the upper
panel of Fig. 4, we show the spectral function for different
values of the electron-vibration coupling in the half-filled
case ǫ = −8 = −U/2 (level occupation N = 1). For com-
parison, we report the spectral function relative to the
case where electron-electron and electron-vibration in-
teractions are neglected (indicated as Free in the figure).
We point out that there is a strong transfer of spectral
weight for the double peak structure toward low frequen-
cies with increasing EP . In addition to the shifts of the
peaks, the electron-vibration coupling tends to reduce
the height of the peaks and to enlarge them. Actually,
the single peaks increase their width by a factor of order
of EP . We stress that, for realistic values of the coupling
EP , the two Hubbard peaks do not overlap, therefore the
double peak structure due to the large U is quite robust
to the effects of electron-vibration coupling. Finally, we
notice that, in the spinless case (reported for compari-
son in Fig. 4 at EP = 0.5), the spectral function has a
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FIG. 4. (Color online) Spectral function (in units of 1/~Γ) as
a function of frequency ω (in units of Γ) at level energy ǫ =
−8~Γ (Upper Panel) and ǫ = 8~Γ (Lower Panel) for different
values of EP (in units of ~Γ). In all the plots, U = 16~Γ,
T = 1.25~Γ/kB (close to room temperature).
single peak, and it is quite sensitive to the effects of the
electron-vibration coupling.
As shown in the lower panel of Fig. 4, a different be-
havior takes place in the regime of low level occupation
(ǫ = 8 in the figure). For the considered values of EP ,
the spectral function gets enlarged, but its peak position
is quite rigid. Moreover, the differences with the spinless
case are completely negligible. Even in the presence of
electron-vibration coupling EP , the behavior of the spec-
tral function is different in the regime of half-filling and
of low or high level occupation.
C. Charge and electronic heat transport, and
thermoelectric figure of merit
In this subsection, the focus will be on the regime of lin-
ear response around the average chemical potential µ = 0
and temperature T (∆T → 0+, V → 0+). We will eval-
uate the electronic conductance G
G =
(
2e2
~
)(
~Γ
4
)∫ +∞
−∞
d(~ω)
2π
A(ω)
[
−
∂f(~ω)
∂(~ω)
]
,
(19)
where f(~ω) = 1/(exp [β(~ω − µ)] + 1) is the free Fermi
distribution corresponding to the average chemical po-
tential µ = 0. Then, we will calculate the Seebeck coef-
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FIG. 5. (Color online) Electron conductance G in units
of 2e2/h (Upper Left Panel), Seebeck coefficient S in units
of kB/e (Upper Right Panel), electron thermal conductance
GelK in units of 2kBΓ (Lower Left Panel), and figure of merit
ZT el (Lower Right Panel) as a function of the level energy ǫ
(in units of ~Γ) for different values of electron-vibration EP
(in units of ~Γ). In all the plots, U = 20~Γ, γ = 0, and
T = 1.25~Γ/kB (close to room temperature).
ficient S = −GS/G, with
GS =
(
2e
~
)(
~Γ
4T
)∫ +∞
−∞
d(~ω)
2π
(~ω)A(ω)
[
−
∂f(~ω)
∂(~ω)
]
.
(20)
Finally, we will determine the electron thermal conduc-
tance GelK = GQ + TGSS, with
GQ =
(
2
~T
)(
~Γ
4
)∫ +∞
−∞
d(~ω)
2π
(~ω)2A(ω)
[
−
∂f(~ω)
∂(~ω)
]
.
(21)
The total thermal conductance GK = G
el
K +G
ph
K makes
feasible the evaluation of the figure of merit ZT =
GS2T/GK . When the coupling of the center of mass
mode to the metallic leads is absent (γ = 0), GK = G
el
K ,
so that ZT = ZT el, which can be used to characterize
the electronic thermoelectric efficiency.
As reported in Fig. 5, we analyze the effects of the
electron-vibration coupling on the electronic response
functions as a function of the level energy ǫ at a fixed
value of Hubbard interaction U (U = 20) in the ab-
sence of coupling to phonon leads (γ = 0) close to room
temperature (T = 1.25). For comparison, we report the
transport properties relative to the case when electron-
8electron and electron-vibration interactions are neglected
(indicated as Free in the figure).
The charge conductance G is expected to be smaller
than the free one due to the effects of interactions. As
shown in the upper left panel of Fig. 5, close to room
temperature, G has peak values of the order of 10−1 e2/h
(e2/h is about 3.87 × 10−5 S). In particular, for ǫ ≃ 20,
we have checked that G is of the order of 10−3 e2/h in
agreement with the order of magnitude of experimental
data in C60
18. As expected, the conductance as a func-
tion of the level energy ǫ follows a behavior similar to
the double-peak structure of the spectral function as a
function of the frequency. Therefore, G has maxima for
ǫ ≃ 0 = µ and ǫ ≃ −U , and a minimum at ǫ ≃ −U/2.
As shown in the upper right panel of Fig. 5, the See-
beck coefficient S shows large variations with changing
ǫ. Indeed, S shows two maxima and two minima whose
magnitude is very large at room temperature being of
the order of 2 kB/e (kB/e is about 86 µeV/K). This
complex behavior is due to the role played by the strong
electron correlations38. Actually, the structure close to
ǫ = 0 (where S vanishes) is nearly translated by −U
(for ǫ ≃ −20, S goes again to zero). Therefore, even
at ǫ ≃ −U/2, S gets very small values. Obviously, for
large positive values of ǫ, S is small and negative (n-
type behavior). In particular, for ǫ = 20, S is about
−0.45kB/e ≃ −38.5µV/K in agreement with the magni-
tude of experimental data in C60
18.
As shown in the upper panels of Fig. 5, the most rele-
vant effect of the coupling EP on the conductance G and
the Seebeck coefficient S is to shift the curves and reduce
the magnitude of the response function. The shift of the
conductance peaks and of the zeroes of the Seebeck coef-
ficient is of the order of EP . At fixed level energy, unlike
the conductance G, the Seebeck coefficient is more sen-
sitive to the changes of the coupling EP . For example,
this occurs for energies close to the minima and the max-
ima. By changing the values of ǫ, there is an inversion in
the behavior of S with increasing the electron-vibration
coupling EP .
As shown in the lower left panel of Fig.5, with vary-
ing the level energy ǫ, the electron thermal conduc-
tance GelK shows the characteristic double peak struc-
ture due to correlation effects38. The peaks values of
GelK are of the order of a few 0.01 kBΓ (kBΓ is about
4.198 × 10−10 W/K for ~Γ ≃ 20 meV). Therefore, the
peak values are smaller than the thermal conductance
quantum g0(T ) = π
2k2BT/(3h) at the room temperature
T = 1.25~Γ ≃ 300K (g0(T ) ≃ 9.456×10
−13(W/K2)T )65.
We point out that electron-vibration interactions affect
the thermal conductance GelK in a way completely differ-
ent from the charge conductance G (compare left upper
and left lower panel of Fig. 5). Indeed, GelK gets enhanced
with increasing the electron-oscillator coupling EP . As
discussed in the previous section, within the adiabatic
approach, the molecular effective level is renormalized
by the position variable x which has a larger spreading
upon increasing the electron-vibration coupling.
We stress that the behavior of the electron thermal
conductance GelK shown in the lower left panel of Fig.
5 bears a strong resemblance with that of the phonon
thermal conductance GphK reported in Fig. 3. Both
have a double peak structure, and both are enhanced
by the electron-vibration coupling. Moreover, GelK ac-
quires values larger than those ofGphK in the energy region
−U ≤ ǫ ≤ 0. Obviously, the values of these quantities
are comparable for the chosen value of phonon induced
damping rate γ = 0.15Γ. If one consider larger values of γ
(for example γ ≃ 0.4Γ), then GphK would play a major role
in the total thermal conductance GK . In any case, the
values of GphK and G
el
K differ for ǫ≫ 0 and ǫ≪ −U since
GphK acquires a finite asymptotic value (obtained even in
the absence of interactions on the molecule), while GelK
goes rapidly to zero.
As shown in the lower right panel of Fig. 5, we ana-
lyze the behavior of the electronic thermoelectric figure
of merit ZT el neglecting the contribution from GphK . The
quantity ZT el shows four peaks whose values are larger
than 1, but smaller than the peak value around 3 ob-
tained in the absence of interactions. We stress that the
peak values of ZT el at room temperature are almost co-
incident with maxima and minima of the Seebeck coeffi-
cient S. Actually, close to room temperature, the small
values of the conductance G are fully compensated by the
large values of the Seebeck coefficient S. With increas-
ing the electron-vibration coupling EP , the reduction of
G and S combines with the enhancement of GelK lead-
ing to a sensible reduction of the figure of merit ZT el.
Therefore, even if one neglects the role of phonon thermal
conductance, the effect of electron-electron and electron-
vibration interactions is able to induce a reduction of the
figure of merit.
In Fig. 6, we focus on the total figure of merit ZT
as a function of the level energy ǫ for different val-
ues of electron-vibration coupling EP at U = 20~Γ in-
cluding the effects of the phonon thermal conductance
(γ = 0.15Γ). From the comparison with the results
discussed in the previous paragraph, it emerges that
the phonon thermal conductance GphK induces an ad-
ditional suppression of ZT . For the realistic value of
EP = 0.5 (intermediate coupling regime), the peak values
of ZT are decreased by a factor of 2 in comparison with
ZT el, therefore the reduction of ZT is not strong. Only
for unrealistically large electron-vibration couplings (EP
larger than 1), ZT acquires peak values less than unity.
Summarizing, the cooperative effects of phonon leads,
electron-electron and electron-vibration interactions on
the molecule are able to weaken the thermoelectric per-
formance of this kind of device. However, within a re-
alistic regime of parameters, the thermoelectric figure of
merit ZT is still of the order of unity, making these de-
vices a valid choice for thermoelectric applications.
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V. CONCLUSIONS
In this paper, the thermoelectric properties of a molec-
ular junction have been studied within the linear response
regime at room temperature. In particular, we have ana-
lyzed the role played by the phonon thermal contribution
GphK on the figure of merit ZT in the presence of realis-
tic electron-electron and electron-vibration interactions.
The interplay between the low frequency center of mass
oscillation of the molecule and the electronic degrees of
freedom has been investigated using a non-equilibrium
adiabatic approach generalized for including the large
electron-electron Coulomb repulsion. Parameters appro-
priate to C60 molecules have been considered. Within
the intermediate electron-vibration coupling regime, the
phonon thermal conductance GphK is quite sensitive to the
changes in the occupation of electron level. Moreover,
apart from an important asymptotic value, GphK resem-
bles the electron thermal conductance GelK . With increas-
ing the electron-vibration coupling, the phonon and the
electron thermal conductance get larger, while the charge
conductance G and the thermopower S get smaller. The
figure of merit ZT depends appreciably on the behavior
of GphK and intramolecular interactions. Indeed, for real-
istic parameters of the model, ZT can be substantially
reduced, but its peak values can be still of the order of
unity indicating that the emerging field of molecular ther-
moelectrics can be very interesting for applications.
The parameters of the junction are determined by
the coupling between molecule and metallic leads in the
electronic and vibrational channels. For instance, the
strength of the intramolecular couplings depends on the
choice of the leads which screen the electron-electron and
electron-vibration interactions. In order to improve the
thermoelectric efficiency, molecules and metallic leads
forming the junction have to ensure a weak phonon-
center of mass coupling (small γ) and a small strength
of the electron-center of mass interaction (small EP ).
For realistic values of these couplings, the values of the
phonon thermal conductance GK are small compared
to bulk conductances. Therefore, the values of ZT of
the order of unity can be found in molecular junctions
since these systems provide a mechanism to keep the
phonon thermal conduction lower than that of bulks and
other low-dimensional structures. Finally, in this paper,
we have shown that, for realistic values of junction pa-
rameters, the phonon thermal conductance can be even
smaller than the electron counterpart in a large range of
gate voltages.
The electron-vibration interaction of the Anderson-
Holstein model analyzed in this paper is related to
the charge density injected by the external leads onto
the molecule. The renormalization of the lead-molecule
hopping integral induced by the center of mass move-
ment could represent another possible source of electron-
vibration coupling22 and it can be studied within the
adiabatic approach. However, we expect that the cou-
pling through electron level density plays a major role
due to the large mass of the molecules considered in this
work. Finally, we stress that the approach proposed in
this paper can be generalized to the study of more re-
alistic multi-level molecular models and to cases where
the number of atomic units within the molecule can be
varied.
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Appendix A: Comparison between different
approaches within the Coulomb blockade regime
In this Appendix, we compare the approach used in
the main text for strong Coulomb repulsion with that of
Lacroix66 which retains additional self-energy corrections
upon the atomic limit50. We will consider the electronic
properties in the absence of electron-vibration coupling
since we are interested only on the effects induced by the
electron-electron interaction in equilibrium conditions at
temperature T = Tα and chemical potential µ = 0 = µα.
In this Appendix, we will use the same units of the main
text.
In contrast with the main text, in this Appendix, we
will use a slightly different kind of wide-band approx-
imation for the electron leads. Actually, we will con-
sider an energy dependent tunneling rate Γ0(E) = Γ, for
10
−Ec ≤ E ≤ EC , and zero elsewhere, with EC cutoff
energy much larger than U . Therefore, the retarded self-
energy of the electron level Σ0(E) due to the effects of
the electron leads is
Σ0(E) = Λ0(E)−
i
2
Γ0(E), (A1)
where Λ0(E) is the real part of the retarded self-energy
Λ0(E) =
∫ +∞
−∞
dE′
2π
Γ0(E
′)
E − E′ + µ
=
Γ
2π
ln
∣∣∣∣E − EC + µE + EC + µ
∣∣∣∣.
(A2)
In the limit where EC →∞, one recovers the wide band
approximation used in the main text corresponding to a
zero real part Λ0(E).
We focus on the retarded Green function GRL(ω) rela-
tive to the paramagnetic solution in order to calculate
the spectral function AL(ω) = −2ℑG
R
L(ω). The re-
tarded Green function within the Lacroix approximation
for large U50,66 is
GRL(ω) =
1− ρ
~ω − ǫ− Σ0(~ω)− Σh(~ω)
+
ρ
~ω − ǫ− U − Σ0(~ω)− Σp(~ω)
, (A3)
where ρ is the level density per spin self-consistently cal-
culated through the following integral
ρ =
∫ +∞
−∞
d(~ω)
2πi
G<L (ω), (A4)
with the equilibrium lesser Green function G<L (ω)
G<L (ω) = if(~ω)AL(ω), (A5)
and f(~ω) = 1/(exp [β(~ω − µ)] + 1) the free Fermi dis-
tribution corresponding to the average chemical potential
µ = 0. In Eq. (A3), the self-energy Σh(~ω) is
Σh(~ω) = −
UΣ1(~ω)
~ω − ǫ− U − Σ0(~ω)− Σ3(~ω)
, (A6)
while the self-energy Σp(~ω) is
Σh(~ω) =
UΣ2(~ω)
~ω − ǫ− Σ0(~ω)− Σ3(~ω)
, (A7)
where the self-energy Σi(~ω), with i = 1, 2, 3, is given by
Σi(~ω) =
∫ +∞
−∞
dE
2π
Γi(E)×
[
1
~ω + E − µ− 2ǫ− U + iη
+
1
~ω − E + µ+ iη
]
,(A8)
with Γ1(E) = Γ0(E)f(E), Γ2(E) = Γ0(E)[1 − f(E)],
Γ3(E) = Γ0(E), and η → 0
+. We notice that, for large U ,
the weights of the poles of the Green function in Eq. (A3)
are the same of the Green function examined in the main
text. The Green function within the Lacroix approach
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FIG. 7. (Color online) Spectral function A (in units of 1/~Γ)
as a function of frequency ω (in units of Γ) for Hubbard in-
teraction U = 40~Γ (Upper panel) and U = 16~Γ (Lower
panel) at level energy ǫ = 0 and T = 1.25~Γ/kB (close to
room temperature) in the absence of electron-vibration cou-
pling. Solid line: first correction upon the atomic limit (used
in the main text); dashed line: additional correction upon the
atomic limit (Lacroix approach).
has the additional self-energy terms Σi(~ω), which take
into account tunneling processes back and forth to the
leads.
As shown in Fig.7, we compare the spectral function
obtained within the approach used in the main text and
AL within the Lacroix approximation
66 close to room
temperature for two values of U (U = 40 upper panel,
U = 16 lower panel). Both spectral functions exhibit
a bimodal structure whose peaks are separated by the
energy U . The positions of the peaks within the two ap-
proaches are very close, while the heights of the peaks
are slightly different. However, the ratio of the spectral
weights of the two peaks does not significantly depend
on the approach. Obviously, the modification of the iso-
lated resonances is slightly more complicated within the
Lacroix approach than that due to the self-energy Σ0(~ω)
alone. Actually, the peaks within the Lacroix approach
tend to be a little bit asymmetric. Summarizing, the
differences between the two approaches are minimal sup-
porting the use of the Green function method adopted
in the present work. Finally, the small differences be-
tween the two approaches are quantitatively similar with
decreasing U from 40 to 16.
In this Appendix, we analyze also the total level occu-
pation N = 2ρ (within the paramagnetic solution). This
quantity has been calculated by the two approaches dis-
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FIG. 8. (Color online) Level density N as a function of level
energy ǫ (in units of ~Γ) for different values of the Hubbard in-
teraction U (in units of ~Γ) at T = 1.25~Γ/kB (close to room
temperature) in the absence of electron-vibration coupling.
cussed in this Appendix finding minimal differences. In
Fig.8, we report the occupation determined by the ap-
proach used in the main text as a function of level energy
ǫ for different values of U . It shows the typical profiles
of the Coulomb blockade. Actually, for level energy ǫ
around −U/2, N is 1. The energy region with occupa-
tion close to 1 gets enhanced with increasing the value
of U . Moreover, for ǫ around µ = 0, N goes from 1 to
0, while, for ǫ around −U , there is the transition from
N = 2 to N = 1. These particular values of ǫ are care-
fully analyzed in the main-text when the effects of the
electron-vibration coupling are included.
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